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The solution-adaptivecell-vertex ® nite volume upwind approaches on quadrilateral-triangularmeshes are pre-

sented to solve the unsteady Euler equations. For the present approaches, Runge± Kutta time-integration method,
Roe’s Riemann solver, a modi® ed area-averaged approach, the MUSCL differencing with two kinds of characteris-

tic interpolation variables, and an improved solution-adaptivetechnique, where a new mesh-enrichment indicator
for acoustic wave is developed, are included. To evaluate the present approaches, Ringleb’s ¯ ow, transonic ¯ ow

around the NACA 0012 airfoil, shock propagation in a channel, traveling vortex in a freestream, and an acoustic
pulse in a freestream are investigated. In the comparisons of present numerical results with related exact and/or

other numerical solutions, it is shown that the upwind approach with the second kind of characteristic variables is
accurate and ef® cient, and the present adaptive technique with appropriate mesh-enrichment indicators enhances

this upwind approach to capture the shock wave, vortex, and acoustic wave. By using this solution-adaptive ap-
proach to solve the vortex± shock interaction and transonic blade± vortex interaction problems, the ¯ ow phenomena

and aeroacoustic behaviors are simulated.

Introduction

I N recent years, many numerical schemes on structured meshes
have been presented to solve the Euler equations for studying

aeroacoustic problems.1±4 Meadows et al.1 used a second-order
upwind ® nite volume method to investigate vortex±shock interac-
tion. Although the results were encouraging,they suggested further
work, such as development of higher-order accurate methods, im-
proved boundary condition, and grid adaptation, to enhance the ap-
proach. Casper and Meadows2 introduced the essentially nonoscil-
latory (ENO) schemes with a nonlinear stencil biasing to study the
axisymmetric shock±vortex interaction. From the obtained results,
the nonlinearbiasing of stencilsmade ENO schemes more robust in
the study of aeroacoustic problems that involved shocks. After the
comparison of several higher resolution Euler schemes for aeroa-
coustic calculations,3 Lin and Chin4 used the modi® ed ® nite vol-
ume methods of Osher and Chakravarthy3 to investigate transonic
vortex±blade interaction. Two dominant sound waves, transonic
and compressibility waves, and three unsteady shock wave mo-
tions were simulated.For the aforementionedworks, the grids were
® xed. To minimize numerical dissipationand accuratelyresolve the
aeroacoustic behaviors, grid adaptation is useful. In the computa-
tions of high-speed impulsive noise, a near-® eld unstructured-grid
Euler solver was combined with a newly developed Kirchhoff in-
tegral method by Strawn et al.5 This near-® eld Euler solver uti-
lized a solution-adaptivegrid scheme to increase the resolution of
the acoustic signal. Even though the aforementioned progress for
aeroacoustic computations has been achieved, it is still worthwhile
to create solution-adaptiveapproaches,especially the development
of higher-orderschemes on unstructuredmeshes and adaptive tech-
niques includingmesh adaption,interpolationalgorithm,and mesh-
enrichment indicators.

Although upwind schemes automatically provide a suf® cient
amount of dissipation to generate stable solutions, sometimes the
excessive dissipationwill be harmful for aeroacoustic calculations.
To reduce the numerical dissipation or improve resolution, sev-
eral numerical approaches, such as those given in Refs. 6 and 7,
have been presented. To match the ® nite difference stencil to ¯ ow
physics, a rotated upwind algorithm was developed on structured
rectangulargrids.6 Even though the rotated scheme can improve the
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resolutionof numericalsolution,Dadoneand Grossman6 mentioned
that their formulation required the solution of two Riemann prob-
lems at each cell face. By using characteristic variables,6 Hwang
and Wu7 modi® ed and extended the procedure of Whitaker et al.8

to quadrilateral-triangular meshes, where the quadrilaterals were
directionally stretched in the ¯ ow regions having one-dimensional
features. According to the aforementioned discussion, the creation
of an accurate upwind algorithm, where the numerical formulation
is simple and the numerical dissipation can be reduced, is valuable
and necessary in the computations of aeroacoustic problems.

In this paper, the solution-adaptive cell-vertex ® nite volume
upwind approaches, which include Runge±Kutta time-integration
method, Roe’s Riemann solver, MUSCL differencing with two
kindsof characteristicvariables,a modi® ed area-averagedapproach,
and an improved solution-adaptive technique, are developed on
quadrilateral-triangularmeshes.First,Ringleb’s ¯ ow, transonic¯ ow
aroundthe NACA 0012airfoil, shockpropagationin a channel, trav-
eling vortex in a freestream, and an acoustic pulse in a freestream
are computed to evaluate the present solution-adaptiveapproaches.
Then two aeroacoustic problems, vortex±shock interaction (VSI)
and transonic blade±vortex interaction (BVI), are investigated.

Governing Equations
By choosing the characteristic length and ¯ ow properties at

the inlet or freestream conditions as reference variables, the two-
dimensionalEuler equations in the Cartesian coordinatesystem can
be written in the following nondimensional form:
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The unknown variables q , u, v, and e represent the gas density,
velocity components in the x and y directions, and total energy per
unit volume. Air is the working ¯ uid and is assumed to be perfect.
The pressure P is de® ned by

P = ( c ¡ 1)[e ¡ ( q /2)(u2 + v2)] (3)

where the ratio of speci® c heat c is typically taken as being 1.4.
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Numerical Algorithm
By integrating Eq. (1) over space and applying Gauss’ theorem,

the following integral form is obtained:

@

@t * *
X

U dA + *
@X

(E i + G j) ¢ n d`= 0 (4)

where n is the outward unit normal vector. The variable X is the
domain of computation, and @X is the boundary of the domain. By
dividingthe two-dimensionaldomain X into triangles/quadrilaterals
and connecting the centroid of each polygon (triangle or quadrilat-
eral) to the midpoints of its sides, the polygon is broken into subele-
ments. As shown in Fig. 1a, a dual mesh cell Ci is formed by the
collectionof subelementssharingthe same vertex Vi , and the bound-
ary of the cell is denoted by @Ci . Assuming that the ¯ ow variables
at the vertex Vi have average values of the integrated variables in
Ci , Eq. (4) can be written as

@

@t
(U A)Ci = ¡ *

@Ci

F(n) d` (5)

where A is the area of the cell Ci and F (n) is the ¯ ux oriented along
the outward unit normal n, i.e., F (n) = (nx E + n y G). To achieve
the time integration on the left-hand side of Eq. (5), a two-step
Runge±Kutta method9 that resultsin second-ordertime-accurateso-
lutions is employed for unsteady ¯ ows. A four-stage Runge±Kutta
scheme with nonstandardweighting of the Runge±Kutta stages, lo-
cal time steps, and residual smoothing8 is introduced to study the
steady ¯ ow problems.

In the current cell-vertex formulation, the right-hand side of
Eq. (5) is evaluated by

*
@Ci

F(n) d`= Sj = L (Vi )

Fi, j D ì, j (6)

where L(Vi ) is the list of vertices surroundingVi and the subscript j
denotestheverticescontainedin L(Vi ); Fi, j representsthenumerical
approximationfor the oriented ¯ ux across the dual cell edge having
the boundary length D ì, j . In Ref. 7, the terms n and D ì, j of Eq. (6)
were obtained by using the area-averaged approach.8 Thus, D mno

a) Unstructured grid, dual cell, and locations of ghost nodes

b) Vertices, dual cell edge, and locations of ghost nodes for ¯ ux calcula-
tions

Fig. 1 Representative drawings.

is neglected,and D ì, j is the length of no (see Fig. 1b). As shown in
Fig. 1b, m is the midpoint of side Vi V j and n and o are the centroids
of Vi V j Vp Vq and D Vi Vr V j , respectively.When the area of D mno
is not negligible, the aforementionedcomputational domain for the
time integration and dual cell edge for the ¯ ux calculations are not
consistent with each other, especially for the unsteady ¯ ow calcu-
lations. Considering the computing cost and compensating for this
drawback, a modi® ed area-averagedapproach is utilized.When the
area of D mno is less than 1

1000
of the area of polygon Vi Vr V j VpVq ,

the original area-averaged method8 is applied. Otherwise, the ori-
ented ¯ uxes across edge nm and mo are multiplied with the corre-
sponding length of nm and mo and then added together to represent
Fi, j D ì, j .

To formulate the upwind scheme,Roe’s ¯ ux differencesplitting10

is employed. The ¯ ux at the cell interface Fi, j can be expressed as
a function of two ¯ uid dynamic states (U L and U R ):

Fi, j = 1
2 [FL + FR ¡ j A j (U R ¡ U L )] (7)

where j A j is a positivede® nite matrix formed from the ¯ ux Jacobian
@F/ @U (Ref. 10) and the superscripts R and L indicate the right and
left ¯ uid states, respectively. In this work, MUSCL differencing11

is utilized to interpolate the properties at the cell interface using
the variables at the cell vertices and ghost nodes. If the original
area-averaged approach is used, the ghost nodes V 0i and V 0j (see
Fig. 1a), which are located equidistantly along the line connecting
Vi and V j , are introduced.7 Otherwise, setting V 0i Vi = Vi V 0 0i = 2Vi k
(see Fig. 1b), the ghost nodes V 0i and V 0 0i are located along the line
connectingk (the midpoint of edge nm) and Vi . Similarly, the ghost
nodes V 0j and V 0 0j with V 0j V j = V j V 0 0j = 2V j k are allocated along
the line connectingk and V j . To evaluate the state variables at ghost
nodes, a simple interpolation technique7 , 8 is adopted.

The quantity U appearing in Eq. (7) is the vector of conserved
variables as given in Eq. (1). An alternate selection is to use the
primitive variables

V = ( q u v P)T (8)

The use of characteristic variables is another sophisticated choice.
In this paper, two kinds of characteristicvariablesare used. The ® rst
one,whosepropagationdirectionsare set to benormaland tangential
to a cell edge, was presented by Dadone and Grossman.6 The other
one is obtained based on the concept of Hirsch decomposition.12

The vector of characteristic variables is expressed as
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where the subscriptk refers to the position at which the wave slopes
are evaluated.The transformationmatrix between V and W is given
by
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where H = ·1 ¢ ·2. Referring to Levy et al.13 and Powell and van
Leer,14 ·1 = ( j 1x , j 1y) = (cos h 1, sin h 1) is the direction for the
velocity-component convection, and it is related to the direction
of pressure gradients and velocity; ·2 = ( j 2x , j 2y ) = (cos h 2, sin h 2)
is the direction for the acousticlike convection, and it is related to
the strain-rate tensor. In this work, the mathematical expressionsof
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h 1 and h 2, which were given in Refs. 13 and 14, respectively, are
adopted.

To prevent numerical oscillations near the high gradient regions,
the minimum±modulus (MINMOD) limiter function11 is employed.
By combining the characteristicvariables with the limiter function,
the MUSCL differencing formulas can be written as

V L = Vi + 1
4

Ri [(1 ¡ j ) ÅD ¡ + (1 + j ) ÅD + ]Wi (11a)

V R = V j ¡ 1
4
R j [(1 ¡ j ) ÅD + + (1 + j ) ÅD ¡ ]W j (11b)

where R is the transformationmatrix between primitiveand charac-
teristicvariables.The de® nitionsof ÅD ¡ and ÅD + are givenas follows:

ÅD ¡ W = minmod( D ¡ W , b D + W ) (12a)

ÅD + W = minmod( D + W , b D ¡ W ) (12b)

where minmod indicates the symbol of MINMOD function7 and the
backward and forward differencesare, respectively, D ¡ Wi = Wi ¡
Wi 0 , D + Wi = Wi 0 0 ¡ Wi , D ¡ W j = W j ¡ W j 0 0 , and D + W j = W j 0 ¡ W j .
The parameter j , which controls the spatial accuracy, is taken as
being 1

3
, and the compression factor b is no greater than (3 ¡ j )/

(1 ¡ j ).

Boundary Conditions
At the wall, the free-slip condition is speci® ed. For the transonic

¯ ow around the NACA 0012, the rotated extrapolation technique7

is adopted. In the computationsof shock propagation,VSI and BVI
problems, the pressure is estimated by using x- and y-momentum
equations

q (yg u ¡ xg v)(y n u n ¡ x n v n ) = (x2
n + y2

n
) Pg ¡ (x n xg + yn yg ) Pn

(13)

where n and g represent the body-® tted coordinate lines. At an
inlet, outlet, or far-® eld boundary, the speci® ed condition or one-
dimensional characteristic analysis based on Riemann invariants is
used.For the BVI problem,one-dimensionalunsteadynonre¯ ective
boundary conditions15 are employed.

Solution-Adaptive Technique
A solution-adaptive technique on quadrilateral-triangular me-

shes, which consists of the mesh generation method, mesh-enrich-
ment indicator, two-level re® nementprocedure,and minimum norm
network interpolation algorithm, was proposed by Hwang and
Fang.16 Referring to the background mesh, which was ® xed dur-
ing the unsteady calculations, all added nodes on the re® ned mesh
were labeled. Then the properties on those labeled nodes were ob-
tained by the interpolationfrom those on the backgroundmesh. It is
obvious that the accuracy of unsteady solutions was affected by the
numerical interpolation.To reduce the number of interpolations,the
nodes on the re® ned mesh, which do not appear on the background
mesh but exist on the last adapted mesh, are not labeled. In other
words, only those nodes that do not appear on both of the back-
ground and last adapted meshes are identi® ed as the added nodes,
and their correspondingpropertiesare obtained by the interpolation
from those on the background mesh.

To accurately and ef® ciently capture the acoustic signal, a new
mesh-enrichmentindicator is developedin this work. From the con-
tinuity equation, the dilatation is denoted as

D = r ¢ V = ¡
1

q

D q

Dt
(14)

and it is equal to zero at the peak or valley of acoustic wave. There-
fore, any one cell, where the dilatations at the correspondingnodes
have the positive and negative values, is possible to be labeled for
re® nement. To reduce unwanted cell re® nement due to the small
numerical ¯ uctuations, the magnitude of dilatation gradient cannot
be too small. Also, based on the radiation properties of acoustic
waves, the projective value of dilatation gradient on the directionof
wave propagation is not small. Considering the decay of acoustic
signal, mesh size, and preceding discussion, any cell that satis® es

the following Eqs. (15) will be labeled. In the present work, C1 and
C2 are chosen to be 0.4:

A j r D j > C1( A j r D j )avg (15a)

j r D ¢ ®j > C2 (15b)

respectively. A is the area of cell, and ® is the corresponding po-
sition vector referred to the reference point of the sound source.
For the labeled cell, both the cell and its surrounding cells will be
enriched simultaneously. If the acoustic source is not a vortex, such
as the acoustic pulse in a freestream, it is not necessary to specify
the location of acoustic source. In other words, Eq. (15b) is not
adopted in these kinds of problems. For the VSI and BVI cases, the
vortexcenter is chosen as the referencepoint of the soundsource. In
the present calculations, the approximate location of vortex center
(X v = X0 + U 1 t , Yv = Y0) is speci® ed. If the locationof vortex cen-
ter is not speci® ed, i.e., Eq. (15b) is not used, the acoustic signals
still can be captured, but the unwanted cell re® nement around the
vortex is observed. Besides the density gradient16 and dilatation,
the vorticity is adopted as the mesh-enrichment indicator, so that
the behaviors of traveling vortex and vortex-related interactions in
aeroacoustic problems can be correctly predicted.

Results and Discussion
Evaluation of the Present Approaches
Ringleb’s Flow

To evaluate the accuracy of present approaches, the problem of
Ringleb’s ¯ ow is studied.The analyticalsolutionof Ringleb’s ¯ ow17

is used as a compared exact solution.As shown in Fig. 2a, four kinds
of meshes are used. The L2 norm of error is de® ned as

L2 = [ S
N
i = 1(Qe ¡ Qni )

2

N ]
1
2

(16)

where N is the total node number of the mesh. Qe and Qn repre-
sent the exact and numerical solutions, respectively. In this test, all
boundarynodes are set to be exact values and not included in the L2

calculation.Both the method presented by Hwang and Wu7 and the
present approachesusing the modi® ed area-averagedtreatment and
MUSCL differencingwith the ® rst kind of characteristicvariables6

(approach I) or with the second kind of characteristicvariables (ap-
proach II) are examined. By choosing D L as the average value of
the node spacing, Fig. 2b shows the L2 norm of the density error
on these four kinds of meshes. It is apparent that the modi® ed area-
averaged treatment can reduce the numerical error, and using the
second kind of characteristicvariables is suggested.By performing
the power regression analysis on four data groups using the curves
y = ax + b, where a is equivalent to the order of the solution in D x
and D y, Table 1 lists the data ® tting of the results shown in Fig. 2b.
Among all, approachII provides the lowest absolute error norm and
the highest order of accuracy.

Transonic Flow Around the NACA 0012 Airfoil

To furtherevaluate the presentupwindapproaches,a NACA 0012
airfoil transonic ¯ ow with a Mach numberof 0.8 and the angle of at-
tack equal to 1.25 deg is investigated.In this study, the outer bound-
ary is taken as a rectangle of 21 £ 20 chords. On a quadrilateral-
triangular mesh system (see Fig. 10 in Ref. 7; 9644 elements, 6241
nodes), the aforementioned three methods are utilized again. The
pressure coef® cient distributions along the airfoil surface and the
convergence histories are plotted in Figs. 3a and 3b, respectively.
From the results shown in Fig. 3a, it is apparent that the present two
approaches produce the higher resolution around the weak shock

Table 1 Data ® tting of Fig. 2b by curve
y = ax + b

Method a b

Hwang and Wu7 1.773 ¡ 1.021
Approach I 2.745 ¡ 0.532
Approach II 2.838 ¡ 0.611
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a) Meshes

b) L2 norm of density error vs grid space

Fig. 2 Ringleb’s ¯ ow.

region on the lower surface of the airfoil. Also, the numerical con-
vergence of approach II is best among the three methods. Based on
the preceding discussion, approach II is preferred and will be used
in the following computations.

Shock Propagation in a Channel

To demonstrate the ability of the present solution-adaptive ap-
proach,a shock propagationproblemis studied. In this problem, the
shock with a shock Mach number of 1.4 moves to the right along a
1.0 £ 0.2 rectangularchannel from the position X = 0.0 at T = 0.0.
During the calculation, a coarse mesh (500 elements, 561 nodes)
is used as a background grid. The coarse mesh is automatically
enriched by using the original16 and present improved solution-
adaptive technique, respectively. In this case, only the density-
gradient is used as the mesh-enrichment indicator. Comparing with
the exact solution,the pressuredistributionsshown in Fig. 4 indicate
that the improved solution-adaptivetechnique produces the highest
resolution among the results.

Traveling Vortex in a Freestream

In this section, a traveling vortex in a low-speed freestream with
a Mach number of 0.1 is tested. The ¯ ow® eld schema, initial con-
ditions, and time step for this test are the same as those of Lin and
Chin.3 In a low-speed freestream, the change in pressure at the vor-
tex center is mainly due to the dissipationpropertyof the numerical
scheme used. The computational domain of 8.0 £ 2.0 is uniformly
divided to be a ® ne mesh (333 £ 133) or a coarse mesh (250 £ 101).
During the calculation,thecoarsemesh is usedas a backgroundgrid,

a) Pressure coef® cient distributions along the airfoil surface

b) Corresponding convergence histories

Fig. 3 Transonic ¯ ow around the NACA 0012 airfoil.

Fig. 4 Shock propagation in a channel: The pressure distributions
along the lower wall; T = 0.1, 0.2, 0.3, 0.4, 0.5, and 0.6: ÐÐ , exact
solution; - - - - , approach II (coarse mesh); - ¢ - ¢ -, approach II (solution-
adaptivetechnique16); and ¢ ¢ ¢ ¢ , approachII (present solution-adaptive
technique).

and it is enriched by using the present improved solution-adaptive
technique. Besides the density-gradient, the vorticity is adopted as
the mesh-enrichment indicator. From the variation of core pressure
Pcore/ P1 as a function of the length of vortex travel (see Fig. 5,
vortex core radius a0 = 0.06), the ability of the present scheme (ap-
proach II) to compute the advection of a vortex with minimal dissi-
pation of the vortex strength is con® rmed, and the related numerical
dissipation is less than those of schemes3 , 7 when ® xed meshes are
used.By combiningwith the adaptive technique,a better result than
that on the ® ne mesh is achieved.
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Fig. 5 Traveling vortex in a freestream: Variation of the vortex core
pressure as a function of the length of vortex travel: u , Hwang and
Wu7 (coarse mesh); n , Lin and Chin3 (coarse mesh); ±, approach II
(coarse mesh); j , Hwang and Wu7 (® ne mesh); m , Lin and Chin3

(® ne mesh); ² , approach II (® ne mesh); and £ , approach II (adapted
mesh).

Acoustic Pulse in a Freestream

To examine the effectivenessof the present solution-adaptiveap-
proach for simulating the acoustic wave, an acoustic pulse in a
freestream of M 1 = 0.5 is tested.18 The initial conditions and time
step for this test are the same as those of Tam and Webb.18 A pres-
sure pulse is released at T = 0. Then an acoustic pulse is generated
and expanded radially. Pressure pulse amplitude is 1

100
of P1 , and

this disturbance is relatively small so that the present Euler solu-
tions may be compared with the exact solution of the linearized
Euler equations.18 The computational domain of 200.0 £ 200.0
is uniformly divided into a ® ne mesh18 (201 £ 201) or a coarse
mesh (101 £ 101). During the calculation, the coarse mesh is used
as a background grid, and it is enriched by using the dilatation
mesh-enrichment indicator only. The adapted mesh at T = 50 is
shown in Fig. 6a. Comparing with the exact solution, the pressure
disturbances (P ¡ P1 )/ P1 along Y = 0 at T = 50 are shown in
Fig. 6b. It is evident that the adapted result is the best one among
those three numerical solutions. Therefore, the present solution-
adaptive upwind approach is a good candidate for aeroacoustic
computations.

Application to Aeroacoustic Computations
VSI

For the noise producedby rockets and high-speedaircraft, VSI is
a signi® cant source. The interaction between the vortex and shock
wave and the correspondingacoustic ® eld are studied. In the present
calculations, the initial ¯ ow® eld and mesh (132 £ 122 nodes) of
the VSI problem1 are adopted (see Fig. 7a, T = 0.0). First, a sta-
tionary normal shock is established approximately at the middle
of a slight diverging duct by a back pressure ratio of 1.349. Then
a vortex, where the mathematical expression of tangential veloc-
ity is the same as that of Ref. 1, is superimposed upstream of
the shock. Figure 7a shows the instantaneous adapted meshes and
corresponding pressure contours. At T = 0.2, the vortex is passing
through the shock and twists it. On the top of the vortex center, the
vortex pushes the shock wave to move downstream, and the pres-
sure is higher than that of the initial solution (see Fig. 7a, T = 0.0
and 0.2). On the bottom of the vortex center, the vortex pulls the
shock wave to move upstream and forces the pressure lower than
the initial value (see Fig. 7a, T = 0.0 and 0.2). After the interac-
tion, a cylindrical wave is expanding radially outward (see Fig. 7a,
T = 0.4). By using the aforementioned three mesh-enrichment in-
dicators together, the shock wave, vortex, and acoustic wave are
well simulated. To verify the nature of this wave as the acous-
tic wave, the wavefront positions along X = X v (where X v is
the x coordinate of vortex core) at time T = 0.3, 0.35, 0.4, and
0.45 are plotted in Fig. 7b. The slope of this line represents the
speed of the wavefront, and it is equal to the local speed of sound.
The aforementioned phenomena were also presented by Meadows
et al.1

Fig. 6a Instantaneous adapted mesh, T = 50.

Fig. 6b Pressure waveform along Y = 0; acoustic pulse in a free-
stream: ¢ ¢ ¢ ¢ , exact solution18; - ¢ ¢ -, approach II (coarse mesh); - - - - ,
approach II (® ne mesh); and ÐÐ , approach II (adapted mesh).

Transonic BVI

The noise sources of helicopter rotor include discrete and broad-
band sources.The BVI sound is one of the important discrete sound
sources. Considering a NACA 0012 airfoil at a freestream Mach
number of M 1 = 0.76, the initial vortex, where the velocity pro® le
was given in Ref. 3, is released from X0 = ¡ 5, Y0 = ¡ 0.2 and
convected downstream. The outer boundary is taken as a rectangle
of 21 £ 20 chords, and a mixed mesh (35,336 elements, 20,148
nodes) is used as the background grid. The aforementioned three
mesh-enrichment indicators are used together. Figure 8a shows the
instantaneousadaptedmeshes and correspondingpressurecontours
at time T = 4.6, 5.8, and 8.0. From the results shown in Fig. 8a, the
behaviorsof shock wave, vortex,and two acousticwaves are clearly
observed. After the vortex passes through the shock, which is sim-
ilar to the previous VSI case, the result shown in Fig. 8a (T = 5.8)
indicates the bifurcationof shock on the lower surface of the airfoil.
As indicated at T = 5.8 and 8.0 (see Fig. 8a), C is the compress-
ibility wave due to the displacement of stagnation point at leading
edge caused by the vortex. At T = 8.0, T is the transonic wave
due to the shoulder shock wave of the airfoil emitted upstream. In
Refs. 4 and 19, both aforementionedacoustic waves were also dis-
cussed. Even though the strength of the acoustic waves decreases
rapidly as it goes farther away from the blade, the present solution-
adaptive approach with dilatation mesh-enrichment indicator can
still ef® ciently capture them. The variation of the vortex core pres-
sure Pcore/ P1 as a function of time is plotted in Fig. 8b. From
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T = 0.0

T = 0.2

T = 0.4

a) Instantaneous meshes and corresponding pressure contours

b) Acoustic wavefront positions along X = Xv as a function of time

Fig. 7 Vortex± shock interaction.
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T = 4.6

T = 5.8

T = 8.0

a) Instantaneous meshes and corresponding pressure contours

b) Variation of the vortex core pressure as a function of time

Fig. 8 Transonic blade-vortex interaction.

the preceding discussion, the present solution-adaptiveapproach is
suitable for studying aeroacoustic problems.

Conclusions
Solution-adaptive cell-vertex ® nite volume upwind approaches

have been developed to solve the unsteady Euler equations on
quadrilateral-triangular meshes. Those approaches include Runge±
Kutta method for time integration, Roe’s Riemann solver, a modi-
® ed area-averaged approach, MUSCL differencing with two kinds
of characteristicvariables, and an improved solution-adaptivetech-
nique, where dilatation is presented as a new mesh-enrichment

indicator for simulating the acoustic waves. In the computations
of Ringleb’s ¯ ow, the upwind approach with the second kind of
characteristic variables (approach II) gives the best results. For the
transonic ¯ ow around the NACA 0012 airfoil, the pressure distri-
butions along the airfoil surface and the corresponding convergent
behaviors indicate that approach II is the best one among three
methods (method in Ref. 7, presentapproachI, and approachII). To
evaluate the present solution-adaptiveapproach, the shock propaga-
tion in a channel, a traveling vortex in a freestream, and an acoustic
pulse in a freestream are investigated. Comparing with the related
exact solutions and other numerical results, it is proved that the
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present approachII with improved solution-adaptivetechniquepro-
vides accurate and high-resolutionalresults. To further understand
the availabilityof the present solution-adaptiveapproach for study-
ing the complex aeroacousticproblems, VSI and transonic BVI are
computed. The distorted shock wave and the cylindrical acoustic
wave, which are produced by VSI, are simulated. In the BVI ¯ ow-
® eld, two acoustic waves, transonic and compressibilitywaves, and
shock bifurcation on the lower surface of the airfoil are predicted.
Also, the variationof the vortex core pressureas a functionof time is
presented.Based on the results and discussion,the present solution-
adaptive approach is an appropriate method for aeroacoustic
computations.
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